ISOMETRIC DILATIONS OF COMMUTING CONTRACTIONS AND
BREHMER POSITIVITY
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ABSTRACT. It is well-known that an n-tuple (n > 3) of commuting contractions does not
posses an isometric dilation, in general. Considering a class of n-tuple of commuting con-
tractions satisfying certain positivity assumption, we construct their isometric dilations and
consequently establish their von Neumann inequality. The positivity assumption is related
to Brehmer positivity and motivated by the study of isometric dilations of operator tuples
in [4].

1. INTRODUCTION

Starting point of the dilation theory is the result of Sz.-Nagy which says that a Hilbert space
contraction always dilates to an isometry acting on a bigger Hilbert space. More precisely,
Sz.-Nagy proved the following.

Theorem 1.1 ([19]). Let T be a contraction on a Hilbert space H. Then there exists a Hilbert
space KK (KK D H) and an isometry V € B(K) such that

T" = Py V|4
for all k € Z, where Py denotes the orthogonal projection in B(KC) with range H.

This result is the cornerstone of the extremely useful and extensive theory of Sz.-Nagy and
Foias on single contractions [19]. Ando [3], generalizing Sz.-Nagy’s dilation, constructed
isometric dilations for pairs of commuting contractions. In other words, he constructed a
pair of commuting isometries (V3,V3) on K O H corresponding to each pair of commuting
contractions (717,7T») on H such that

T{nl T£n2 — P’H‘/lml ‘/'277742 |7-[

for all (my, ms) € Z3. Producing some counterexamples Parrott [21] showed that for n > 3,
n-tuples of commuting contractions do not posses isometric dilations in general. This leads
us to study n-tuples (n > 3) of commuting contractions more closely and identify n-tuples
of commuting contractions which posses isometric dilations. For the rest of this article, we
assume that n > 3. We denote by 7"(H) the set of all n-tuple of commuting contractions,
that is

TMH) = {(Tv....,T,) : Ts € BOH), | Tl < LTy = TyT,1 < i,j < n},
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and for T = (T4,...,T,) € T"(H) and k = (ky,...,k,) € Z" we define T® = Tf* ... Tk,
For Hilbert spaces H and K with K D H, an n-tuple of commuting isometries (respectively
unitaries) V' € T™(K) is called an isometric dilation (respectively unitary dilation) of T' €
T™(H) if
TF = PyV¥*|y

for all k € Z7,. There is a growing literature exploring the interplay between dilation and
positivity, and several classes of operator tuples under certain positivity assumptions are
known to have isometric dilations. See [1], [7], [14], [20], [10], [11], [15], [12], [13], [4] and [5] for
more details in the polydisc setup. The one which is relevant for us is the dilation of operator
tuples under Brehmer positivity [7]. An n-tuple of commuting contraction 7" € 7" (H) is said
to satisfy Brehmer positivity if

> ()T > 0

FcG
forall G C {1,...,n}, where Tp :=T,, --- 1), for any F' = {ny,...,ni} C{1,...,n} and by
convention Ty = Iz. We denote by B"(H) the class of n-tuples of commuting contractions
on H satisfying Brehmer positivity, that is

B"(H) :={T € T"(H) : T satisfies Brehmer positivity}.
It is clear from the definition that if 7" € B"(H) then
(Tnys - Ty) € B(H)

for any non-empty subset {ni,...,ng} of {1,...,n}. It has been shown in [7] that every
T € B"(H) possesses isometric dilation (also see [19]). In fact, more stronger result is true.
Namely, T € 8" (H) if and only if 7" has a *-regular unitary dilation U, that is

Ta+T*a_ — PHU*Q_UQ+ "H

for all @ € Z", where ay = (o ,..., ), a_ = (a7 ,...,q;) € Z" and o] := max{a;,0},
a; := max{—a;,0}. The aim of this article is to exhibit a class of n-tuple of commuting
contractions having isometric dilations so that the class is larger than the class of n-tuples of
commuting contractions satisfying Brehmer positivity. To describe the class of operator tuples
succinctly, we adopt the following notation. For T' = (Ty,...,T,) € T"(H) and 1 < i < n,
we define R
E = <T17 s 71—11'717 E+17 s 7Tn) S Tnil(H)a

the (n — 1)-tuple obtained from T by deleting T;. The class we consider in this article is
denoted by B7 (H) for some 1 < p < ¢ < n and defined as

By (H):={T=(Tr,....T,) € T"(H) : T,, T, € B" ' (H)}.
From the definition it is clear that B"(H) C B} (#) and the containment can be shown to
be proper. By means of an explicit construction, we show that 7" € B} (H) if and only if

T has an isometric dilation V' such that ‘A/p and f/q are *-regular isometric dilation of Tp and

T, o> respectively. For the base case (n = 3), the existence of isometric dilations for B 5(#) is
obtained by Gasper and Suciu in [15, Theorem 12] . However our proof, for this particular
case, is completely different than that of [15] and is based on an explicit construction of
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dilating isometries. The present consideration is also motivated by [4] where the authors
considered the following class of operator tuples

(1.1) Ty =T €T"(H): T, and T, satisfy Szego positivity and T, is pure}

and found their isometric dilations explicitly. We say that T € T"(H) satisfies Szego positivity
if
> (-)FTeTy >0,

Fc{l1,..,n}

and we say 7' is pure if 77"h — 0asm — oo forall h € Hand s =1,...,n. It is easy to see
that if 7 € T"(H) is pure and satisfies Szegd positivity then it satisfies Brehmer positivity.
Thus it is evident that if 7" € 7% (H) and T' is pure then 7" € B} (H). From this point of
view, the present work is also a generalization of [4].

An added benefit of this consideration is the von Neumann inequality for the class B, (H).
If "€ T"(H) has an isometric dilation, then it is immediate that 7" satisfies the von Neumann
inequality, that is for all p € C|zy, ..., 2]

1p(T)|| < sup,epn|p(2)],

where D" is the open unit n-polydisc in C". Thus, as an immediate consequence of our
isometric dilations, we obtain that each tuple in B} () satisfies von Neumann inequality. It
is worth mentioning here that von Neumann inequality does not hold in general for n-tuple
of commuting contractions (see [24] and [9]). More details on von Neumann inequality for
n-tuple of commuting contractions can be found in [8], [16], [17], [18] and [22].

Rest of the paper is organized as follows. In the next section we develop some background
material and state some known results which are relevant in the present context. Section 3
deals with isometric dilations and von Neumann inequality for the class B7 (H).

2. PRELIMINARIES

In most of the cases, isometric dilations of tuple of commuting contractions are isometric
co-extensions. However, we use co-extension as an intermediate step to obtain isometric
dilations in the present context. Let H and K be Hilbert spaces, and let T' € T™(H) and V
be an n-tuple of contractions on K. We say that V' is a co-extension of T if there exists an
isometry II : H — K such that

(2.1) 177 = V11,
for all e = 1,...,n. In addition, if
K =span{V*h: k € Z h € ranIl},

then we say V' is a minimal co-extension of T'. We warn the reader here that we do not require
V' to be a commuting tuple. Let @ = ranIl. Then, by equation (2.1),

7L = (7,117 (1) = (IUTV) (M) = PoVile.
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This implies that (PoVi|g, ..., PoValo) is a commuting tuple of contractions even if V' is
not an commuting tuple of contractions. Moreover, (77,...,7,) is unitary equivalent to

(PQ‘/l‘Q, ey PQVMQ) AISO,
(PoVilo)" = IITTI" = VI = Vo,
which implies, (V1,...,V,) is a co-extension of (PoVi|o, ..., PoVinlo) (= (T1,...,Ty)).

For a Hilbert space £, the £-valued Hardy space over D" is denoted by HZ(D") and defined
as the space of all £-valued analytic functions f = Ekezi arz® (ar € £) on D" such that

> lawl* < oo

kezn

The space HZ(D") is a reproducing kernel Hilbert space with kernel S, I¢ where S, is the
Szego kernel on the polydisc D™ given by

n

Su(z,w) = H(l —za;)"t (z,w € D").

i=1
The n-tuple of shifts (M,,,..., M, ) on HZ(D") is defined by
(M. f)(w) = wi f(w) (weD"),

foralli =1,...,n and is a tuple of commuting isometries. For T € T"(H), wesay T € T"(H)
satisfies Szego positivity if S, (T, T*) > 0, where

ST, T7) = Y (=)FTpTy

In such a case, we define the defect operator and the defect spaces as
Dy :=S; YT, T*)Y?* and Dy :=Ttan S;Y(T,T%),

respectively. The map II: H — Hz, (D") defined by
(2.2) (h)(z) = Y 2*@ DrT*h (z €D

keZr
is called the canonical dilation map corresponding to a Szegd tuple 7' € T™(H) and it satisfies

7y = M 11
forall2=1,...,n, and
A = lim Y (=) TR
e Fc{1,..n}

for all h € H. In addition, if T is pure then by the above identity Il is an isometry and therefore
the n-tuple of shift (M.,,..., M.,) on H3 (D) is a co-extension of T'. In particular, a pure
Szeg6 n-tuple T' dilates to the n-tuple of shifts on H3,_(ID") (see [10] and [20]). A pure Szegd
tuple T € T™(H) is also a member of B"(H), that is T satisfies Brehmer positivity. Thus
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the class B"(H) is larger than the class of pure and Szegd n-tuples on H. Recall that an
isometric dilation V € T"(K) of T € T™(#H) is *-regular (respectively regular) if it satisfies

Py V-V |y, = T T (a € Z")

or respectively,
Py V-Vt =TT (a € Z").

It is well-known that 7" € B"(H) if and only if 7" has a *-regular isometric dilation (see [19]).
For explicit constructions of *-regular isometric dilations for the class B"(H) see [2] and [23].
Simply taking adjoint, it is evident that 7" € B"(H) if and only if 7" has a regular isometric
dilation. For example, if (V,T) is a pair of commuting contractions on H and if V' is an
isometry then (V*,T*) € B2(H) and therefore (V,T) has a regular isometric dilation. We
end the section with a lemma which will be useful for us. The lemma may be known to
experts and we are unable to find any suitable reference for it, and that is why we include a
proof. We say that an operator tuple ' € T"(H) is doubly commuting if T;T; = T}T; for all
1<i<j<n.

Lemma 2.1. Let (W, Ws) on K be a minimal reqular unitary dilation of (T1,Ts) on H. Sup-
pose (S1,...,54) is a tuple of isometries on H such that (T1,S1,...,Sq) and (T3, Sy, ...,Sq)
are doubly commuting. Then there exists a commuting tuple of isometries (Uy, ..., Uy) on
IC such that (W1, Wa, Uy, ..., Uy) is an isometric dilation of the tuple (11, T, S1,...,Sq) and
that (W1, Uy, ..., Uq) and (W, Uy, ..., Uy) are doubly commuting.

Moreover, (Uy,...,Uy) is both an extension and a co-extension of (S1,...,Sq).
Proof. Let W = (W;,W5). Since W on K is the minimal unitary dilation of T' = (77, T3),
(2.3) K =span{W¥*h : k € Z*, h € H}.
For 1<i<d, hy,...,h, € Hand k',... k" € Z* we have

IS WESh|* = S (W " W Sy, Sih)
=1 l,m=1

=) (W EHED gy ER Gy Sy

I,m=1
=) (R Gihy Sihy) [by regular dilation]
I,m=1

= Z <T*(kl_km)*T(kl_km)+hl, hm), [by doubly commuting property]

I,m=1

and by a similar calculation we also have

T

I ZW’“’W = 3 (R R g,
=1

I,m=1
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This shows that for all hy,..., h, € H and k',... k" € Z?,

[ Do wesiml = [ 3wl
=1 =1

for any 1 < i < d. Hence, by the minimality of the unitary dilation (2.3), we have isometry
U; : K — K defined by
U(W¥*h) = WkS;h  (h € H,k € Z?),
forallt =1,...,d. It is easy to see that
Uily = S, U;U; = U;U; and U;W,,, = W,,,.U;

fodr all 4,57 =1,...,d and m = 1,2. Consequently, for all o € Z% and for all (my,...,my) €
)

i PSP -+ Uil = PtV (S7 -~ 54) = TS -~ 55
Thus (Wy, Wy, Uy, ...,Uy) is an isometric dilation of (71,73, S1,...,S4). It remains to show
that (Uy,...,Uy) is a co-extension of (Sy,...,Sq). To this end, for all h, i/ € H and k € Z?,

(Urh, WER'Y = (h, PyWESHY = (h, PyW*k=Wk+ Sib/y = (b, T**-T*+ S;h'), (1 <i < d)

and using the fact that S; doubly commutes with 7', we have

(h, T**=T* ;') = (h, S;T™*=T*+ 1y = (S;h, PyW*R=Wk+p/y = (Sth, WFR') (1 < i < d).
Thus, Ufh = Sfh, for all h € H and for all i = 1,...,d. Hence the proof follows. O

3. ISOMETRIC DILATIONS AND VON NEUMANN INEQUALITY FOR B7 (H)

The aim of this section is to construct isometric dilations for the class B (H) for some
1 < p < q < n. For simplicity we fix p = 1,¢ = n and construct isometric dilations for the
class B} (H). This simplification is harmless as by a suitable rearrangement any operator
tuple in B} (H) can be viewed as a member of B} (H). First we introduce some notations
which will be followed throughout the paper.

For T € T"(H) and for each non-empty order subset G = {j1,...,7,} of {1,...,n}, we
define

T(G) = (Tjn s vTjr)'

With the above notation, if 7' € B"(H) then T(G) € BI¢(H) for any non-empty subset G
of {1,...,n}, and therefore we define the corresponding defect operator and defect spaces as

1/2
Dr =S (T(G), () = (Y (-)TeT;)  and Drg = an Dre.
FcaG

For T € T"(H), we also set

Tln = (TlTn7 T27 s 7Tn71>7
the (n—1)-tuple in 7" 1(H) obtained from T by removing T;, and replacing T} by T1T,,. Next
we observe a crucial property of 71, when T' € B}, (H). A similar result is also observed
in [4, Lemma 5.1] in the context of Szegd positivity.
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Lemma 3.1. Let T = (T},...,T,) € BY,(H). Then Tv,, = (1T, Ts, ..., Tr1) € B (H).
Proof. First note that for G C {1,...,n — 1} with 1 ¢ G,
D DT (T)E = Y (DT r(T)5 > 0.
FcG FcG
On the other hand, for G C {1,...,n — 1} with 1 € G, it can be checked that
(3.1 > (DT e(Ti)r = Y (DT (D)5 + T Y (—1) (L) r(T)3) T 2 0.
Fc@ Fc@ Fc@
This completes the proof. 0
The key observation in the above lemma is the identity (3.1) which we use repeatedly in

this article. We rewrite the identity in terms of defect operators as follows. For T' € 87, (H)
and G C {1,...,n— 1} with 1 € G we have

2 2 2 Y 2 %
(3.2) Dy, o+ 11Dy 17 = Dy, ¢ = Di, o + TuDj, o0

By the above lemma, if 7" € B}, (H) then Ty, € B" Y (H) and therefore for all G =
Uty dia} € {L..,n — 1}, T1,(G) € BICI(H). We denote the corresponding canoni-
cal dilation map, as in (2.2), of Ti,(G) by Ilg, that is Iy : H — H%T G(]D)|G|) defined
by "

(3.3) (Mh)(z) = Y 2*® Dy T1a(G)*h  (he M,z e D)
kez!’!
such that
T = M Tlg
foralli =1,...,|G|. In particular if G = {1 = j1,..., ¢}, then
MeTiT: = Mi Tl and TIGT; = M Tlg

for all i = 2,...,|G|. The next lemma will be the key to factorize M,, further as a product
of Mg and My so that we can split the first intertwining relation above into

Hng* = M&;HG and H(;T; = Mé,HG

where ® and ¥ are inner multipliers on DI¢l with their product being z. Such a pair of
multipliers (®, V) is known as BCL pair and it turns out that the only way one can factorize
a shift is through BCL pair (see [6] and see [13] for its counterpart in the context of pure
contractions).

Lemma 3.2. Let T = (71 = RS, Ts,...,T,) € B"(H) for some commuting contractions
R,S € B(H) and let G C {1,...,n}. Suppose that there exist bounded operators Fy and F
on H, Hilbert spaces Fi and Fy with F; D tan F; (i = 1,2), a Hilbert space £, an isometry
I'c:Drag — £ and unitaries

U; = {éf’ %’1 EDF - ERF (i=1,2)
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satisfying
Ui(L¢Drgh, Fi1R*S*h) = (D¢ DrgR*h, Fih)
and
Us(DaDrgh, FoR*S*h) = (U'¢Dr,gS™h, Fyh)
for all h € H, then
(I & Fg)HGR* = M&il (] ® Fg)HG and (I (%9 F0>Hgs* = M&;Q(I & Fg)HG
where ®;(z) = Af + 2C;B; (2 € DIC) is the transfer function of the unitary U} for all
i =1,2 and g is the canonical dilation map of T(G), as in (3.3).

Proof. Because of the symmetric roles of R and S, we only prove that (I ® I'g)lIgR* =
Mg (I ®@Tg)llg. Let I € Zf' and n € £. Then for all h € H

(I@Te)eRh,2'@n) = (I®Te) Y 2*® DroT(G)*R*h, 2 @n)
kez!]!
= (CaDraT(G) R D, m).
Since
Ui(L¢Drgh, F1R*S*h) = (U'¢DrgR*h, F1h), (heH)
we have
I'¢DroR" = Ail'¢Drg + BiFAR*S™, and Fy = CiI'¢Drg.
Combining these together, we get
I'¢DroR" = Aill¢Dr + BiCil'¢Dr g R*S™.
This implies that
(Mg, (I @ Ta)lgh, 2! @ n) = (I ® Te)llgh, Ms, (2! @ 1))
=(I®Ta) ) 2*© DreT(G)*h, (A} + 201 B))(z' © 1))
kez!’!

= ((A\T¢Drg + BiCiT'¢ Dy R*S*)T(G)*h, )

= (PaDraT(G)* R*h,n).
Thus (I ® g)IIgR* = Mg, (I ® I'g)Ilg. This completes the proof.

O

Our construction of isometric dilations for tuples in 87, (H) relies on getting co-extensions
of the tuples first. On the other hand, construction of these co-extensions is build upon
obtaining certain operator tuples corresponding to each G C {1,...,n — 1}. In the next two
lemmas we construct these operator tuples. The first lemma deals with the case when 1 € G.
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Lemma 3.3. Let T = (Ty,...,T,) € BY (H). Let G = {my,...,m,} C{1,...,n — 1} with
l=my € G and set G={1,...,n—1} N\ G. Suppose that T} is a co-isometry for all j € G
and g be as in (3.83). Then there exist a Hilbert space Hg, an isometry I'g : DTM,G — Ha

and n-tuple of contractions V.= (Vi,...,V,) on H?Q_[G (D7) such that Vi and V,, are doubly
commuting and

where g : H — H%T (D7) is the dilation map of T1,,(G) and
1

n G
Vi = PH%G(DT)MQH%G(DT), V.= PH%G(DT)M\IJH%G(DT), Vi, =M, (1 <i<r)
and
Vi=(IoW,), (i€q)
for inner functions ® and V, depend only on z variable, in HE?KG)(DT) with ®(z)V(z) = 2

and a Hilbert space K¢g containing He and for unitaries W; on Heg.
Moreover, one also has

Proof. We first define several unitaries which will make a way to define the n-tuple of con-

tractions (V4,...,V},). Since 7} is a co-isometry, then
T,D; 17 = > (=) (@) rTT; (T(G))r = D3, .
Fca
and

T2 T = S (—)PUT(@)) T3 (T(G))i = D2
FcG
for all j € G. Then by Douglas’ lemma, for all j € G, there exist co-isometries W : Dy ¢ —
Dy, g and Wy, : Dy, o — Dy, such that
WDy gh = Dy, g1 h and W7 Dy oh = Dy JT7h (heH).

Let the commuting tuple of unitaries {W;, : j € G}onK,c 2 Dy, & be the minimal unitary
co-extension of the tuple of commuting co-isometries {W;,, : j € G} and let the commuting
tuple of unitaries {VVJ{?1 :jeGon K12 Dj, g be the minimal unitary co-extension of the
commuting tuple of co-isometries {W;; : j € G}. Set

Wi=W/ eW,, (j€G)and Kg:=K,c® Kic.
Then the commuting tuple of unitaries {W]/ : j € G} on K is the minimal unitary co-
extension of {W;, ® Wj, : j € G}. Now the identity, as noted in (3.2),

2 2 12 2 2 *
DTn,G + TlDTl,GTl - DTM,G - DTl,G + T”DTH,GTn

implies that there exist an isometry ' : Dz, o — IC’G and a unitary

U': Q¢ = {(Ds, ch, Dy, Tih) :h e H} — Qg = {(Dy, ¢Tih, Ds, ch) +h € H}
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such that
(34) FG(DTM,Gh) = (DTn,Gh’ DTLGTl*h)’ (h € H)
and
U/(DTH,Gh’ DT1,GT1*h) = (D A,L,GT;zkh’ DT1,Gh) (h S H)

By the construction, note that Qg and Qg are joint {W;* : j € G}-invariant subspaces and a
straightforward calculation shows that U’ intertwines the tuple of isometries {WJ{*|QG 1 j € G}
and {W*|g,. : j € G}, that is

(35) UWlgq = (Wy'lag)U" (i € G).

Let Hg C IC’G and Heg C IC’G be the smallest joint {WJI : j € G} reducing subspaces containing
Q¢ and Qg, respectively. More precisely,

k; "~ ki~
o N I mddio— \ [[wha
kez!%lge0q 1€G kez!Clgedg i€G

Then {VV]'*|HG :j € G} and {VV;*|7_~[G : j € G} are the minimal unitary extension of {W‘;*|QG ;
j € G} and {WJ’*|QG : j € G}, respectively. By a well-known intertwining lifting theorem, we
extend U’ to a unitary

U’ Hg — He satisfying UN|QG =U
and
(36) UNVV;*|’HG — (VVJ’*‘?:[G)U// _ WJ{*U// (] c é)

By adding an infinite dimensional Hilbert space K if necessary, we extend U~ further to get
a unitary

(3.7) U:Kg— Kg such that Uly, =U",

where K¢ 1= K @ K. We set
Wj = Wil

for all j € G. The stage is set and we now proceed to find the contractions with appropriate
properties.
First, we define
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Then Vj is a unitary on H3,(ID") and observe that for all h € #,
(I@W))I®@Te)lch=(I@W;)(I®T¢) Y 2*®Dys Tin(G)*h

keZ',

=T @W)) Y 2¢®(Ds, (T1n(G)™h, Dy, (T1n(G)™ T7h)
kez’,
= 3" @ Dy, TGV b, Dy Tl GV T )
keZ’,

= ([ ®@Tg)lgT;h.

Therefore,

(3.8) (I @Te)llgTy = Vil @ T'g)llg.

for all j € G. We now proceed towards finding contractions corresponding to j € G. Since
I1; is the canonical dilation map of T3, (G),

HngT; = M;HG and H(;T,:% = M;HG (1 <1< ’f’),
where (M,,, ..., M, ) is the r-tuple of shifts on H%T G(]D)T). Then setting
In>

Vi, == M,, on Hig(]D)”) (I<i<r)
and using the commuting property of M} and (I ® I'g) we have,

Next we factor M,,, using Lemma 3.2, to obtain contractions corresponding to j = 1,n as
follows. Recall that Kg = K, @ K16 ® K. Let P : Ko — K16 @ K be the projection map
and ¢ : K¢ = K¢ and 19 : K1 ¢ @ K — K¢ be the inclusion maps defined by

t1(h) = (h,0,0), and w2(k, k') = (0,k, k"), (h€ Kuc, k € K1,k € K).
Then it is easy to see that

[f—: Loll Ke®Kng — Kag®Kya,
1

is a unitary, and therefore

U o0l P up U
Ul:[ 0 IHL’{ 3]:{ i o“]:’CG@K"’G%KG@K"’G

is also a unitary, where U is the unitary as in (3.7). We now claim that Uy satisfies the
hypothesis of Lemma 3.2 with T'= T}, (G) and Fy = D}, . Indeed, for h € H,
Ul(FGDﬂmGhv DTH,GTfT;h) = Ul(DTn,Gh’ Dﬂ,GTl*h: Ok DTH,GTfT;h)
= (U*(DTn,GTfT;ha DT1,GT1*h7 OIC)a DTn,Gh)
= (DTn,GTfha DT1,GT1*2h7 Ok, DTn,Gh>
= (FGDTM,GTl*hv DTmGh).
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Similarly, one can check that the unitary

Pt L U 0 PLU L
UQ:{ I 5}[0 ]}:{ U 02]:’CG@(KLGEB/C)—>ICG@(IC17G@/C)’

satisfies
Us(TaDy,, ohy Di, TV T, 0c) = LDy, oToh, Dy oh, Ox),
for all h € H. Therefore by Lemma 3.2, we have
(I @Te)eTy = Mz(I @ T'g)llg and (I @ Dg)gTr = My (I @ Ig)llg,
where
®(z) = (P + 2 PHU and ¥(z) = U*(P* 4+ 2, P), (z€D")
are inner multipliers, depend only on z; variable, with
O(2)V(z) = V(2)P(z) = 211k,
for all z € D". Since Tan(I ® ')llg € Hj, (D7), we also have
(I RT)gTy = V(I @Tg)llg and (I @ To)lgT = V.I(I @ Tg)llg,
where
Vi = PH%G(]D)T)M@|H72_LG(DT) and V,, = PH%G(DT)M\II|H72_[G(DT)-

We pause for a moment and make a remark that even though Mg and Mg commute each
other, V; and V,, does not necessarily commute. The reader must have observed that we have
obtained the n-tuple of contractions (Vi,...,V,) on H3, (D7) with the required intertwining
property. The proof will be complete if we show that Vi and V,, are doubly commuting. We
only show that v, is doubly commuting as the proof for V; is similar.

Since Mg and M, on H} Ko (D") doubly commute each other for all i = 2,...,r, it follows
that V; and V,,, doubly commute for all « = 2,...,r. It is obvious that V,,, doubly commutes
with V; foralli=2,...,rand j € G. Thus it remains to show that V; commutes with V; for
all j € G. To this end, we first claim that

Py (PUYWS = W7 Py, (PUly,) and PHG(PLU)I/V]Tk = VV;PHG(PLU\HG)

for all j € G. Indeed, since H is a joint {WJ/* : j € G} reducing subspace then Py, commutes
with WJI* for all j € G. Also by the construction

PW, |0 =W, Pl

J

Then, using the intertwining property (3.6), we have for all h € Hg and j € G,
Py, (PUYW;h = Py, (PU YW;*h = Py, PW;*U" h = W;* Py, PUh = W} Py, PUh.
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This proves the first identity in the claim and the proof of the second identity is similar and
we left it for the reader. These identities, in turn, implies that

Pz, o Maluz,_won(I @ Wi)luz, ©n =Puz_wonMpsaprou(l @ Wil o
=Pz, _onMpow; 1z pruw;) |H§£G(]D)T)
:PH%G(DT)(I ® VV;)PH%G(ID)T)M(PUJrnPiU) ’H;G(Dr)
=(I® W;)PH,Q{G (]DDT)M@’H%G(]D)T)'

Thus Vi commutes with V" and consequently, by Fuglede-Putnam, Vi commutes with Vj for

all j € G. This completes the proof.
O

Remark 3.4. It should be noted that the canonical dilation map g is not an isometry and
that is why the n-tuple of contractions V' is not a co-extension of T. A word of caution is in

order regarding the n-tuple contractions V.= (Vi,...,V,,). The tuple V is not a commuting
tuple, in general, and the only trouble is that Vi and V,, do not commute each other. However,
(Vo = M., Vi, ..., Vo) on Hz, (D7) is an n-tuple of commuting contractions with

(I T)UGTTT,; = M; (I @Tg)llg, and (I @T)llgTy = Vi(I@Tg)llg (1<i<n—1),
and also

(3.9) ViVo =V, and V)V = V7.

Similar statement also can be made for the tuple (Vo = M,,, Vo, ..., Vy).

The situation for the case when 1 ¢ G is much simpler and we consider it in the next
lemma.

Lemma 3.5. Let T = (Ty,...,T,) € BT, (H). Let G ={my,...,m,} C{1,...,n—1} with
1 ¢ G and set G ={1,....,n—1} N G. Suppose T; is a co-isometry for all j € G U {n}.
Then there exist a Hilbert space He O Dy, and an n-tuple of commuting isometries V =

(Vi,..., Vo) on Hj, (D) such that Vi and V,, are doubly commuting and
where Mg : H — H%TAWG(D”) C H3_(D") is the canonical dilation map of T1,(G) and

Vi =M, (1<i<r)andV, =1 U, (j € GU{n})

i
for some commuting unitaries U;’s on He.

Proof. Since T; (j € G) and T;, are co-isometries, a straight forward computation as done in
the proof of Lemma 3.3 yields

TJ'D%,GT; = D%‘,G and TnD:Qr’,GTﬁk = D:Zr’,G-

Then, by Douglas’ lemma, there exist co-isometries S; : Drg — Drg (j € G) and S, :
Drc — Dr ¢ such that

S;DT7gh = DT,GT‘j*h and S:LDT(;h = Dj:(;Tj{h,
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for all h € H. Clearly {S; : j € GU{n}} is a tuple of commuting co-isometries on Dy . Let
the commuting tuple of unitaries {U; : j € G U {n}} on Hg 2 Dr be the minimal unitary
co-extension of {S; : j € GU{n}}. On the other hand, since Il : H — H3, _.(D") C Hj (D")

is the canonical dilation map of 71, (G) then
MTr, = Mg
forall i =1...,r. Also it is evident from the construction of U;’s that
T} = (I @ Uj)e
for all j € GU{n}. Set
Vi, =M, (1<i<r) and V;:=1®U; (j € GU{n}).

Then the n-tuple of commuting isometries V' = (V4,...,V,,) has the required property. This
completes the proof. O

We need one more lemma which describes a canonical way to construct co-isometries out
of commuting contractions.

Lemma 3.6. Let T = (T1,...,T,) € T"(H). Let G C {1,...,n} and G ={1,...,n} N G.
Then there exist a positive operator QQ : H — H and contractions T; : Tan() — Tan ()
(1 <j <n) defined by

T;Qh = QT;h, (heH)

such that TJ is a co-isometry for all j € G.
Proof. Since Tg; is a contraction, strong operator limit (SOT) of TZTE" exists as n — oo. Set

Q* := SOT- lim TETE".

n—oo

Since Tj is a contraction, it is easy to see that
L;QT; < Q°,

for all j = 1...,n. Consequently by Douglas’ lemma, for each 1 < j < n, there exists a
contraction Tj : tan () — ran () such that

TrQh=QT;h (heH).
Moreover, for all j € G,
* . n *rkn . n *(n+1
Q? > TJQZTJ = SOT- nll_}IIolo TETT;TE > SOT- lim TGHTG( +1) _ Q2,

n—o0
that is
T, QQT;‘ — Q2
Hence T~j is a co-isometry for all j € G. This completes the proof. O

Combining the above lemmas we now find co-extensions for n-tuples in B}, (H).
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Proposition 3.7. Let T'= (11,...,T,) € BY,(H). Then for each G C {1,...,n — 1} there
exist a Hilbert space He and contractions Vg, ..., Vo, on H%G (]D‘G‘) such that

nry = (Pve,)n (1 <j<n)
G

where I1 : H — @ Hy, (D) is an isometry and by convention 3, (DI .= H,y.

Moreover, if we set V; .= @ Ve forallj=1,....,n and V = (V4,...,V,) then Vi and
V. are doubly commuting and V; is an isometry for all j =2,...,n— 1.
Proof. As usual, we shall work on the (n — 1)-tuple T}, € B" '(H). Let us fix G =

{mi,....mg} C{l,....,n—1} and set G = {1,...,n — 1} N\ G. Let Qg : H — H be
the positive operator defined by

Q% = SOT- lim (73,(G))" (TinlG)™
Then, by Lemma 3.6, we have a contraction \S; : Tan ()¢ — Tan ()¢ defined by
S;Qch = QeTyh, (heH)

for all j = 1,...,n so that S is a co-isometry for all j € G. In the case when 1 € G, both S,
and S,, are co-isometries because their product 515, is a co-isometry. We claim that

Si= (Slv c JSn> € %?,n(ra_nQG)

Indeed, the claim follows from the fact that if ZFcG/(_DIFI(TAln)F(Tm)? > ( for some G' C
{1,...,n — 1} then

Z (=D TL) pQ% (T1,) % = SOT- lim Tln((?)m( Z (—1)|F|(T1n)F(T1n)}>T1n(@)*m >0,

m—0o0
Fcq@’ FCG!

and the later positivity is equivalent to the positivity of chg/(—l)m(gln)F(Sln)fw- Next we
apply Lemma 3.3 and Lemma 3.5 for the tuple S := (Sy,...,5,) € B}, (tan Q¢), to obtain
the building blocks of the co-extension we are after. We consider the following two cases.
Case I: Suppose 1 = m; € G. Since S; (j € G) are co-isometries, then by Lemma 3.3,
there exist a Hilbert space Hg, an isometry I'c : Dy o — He and n-tuple of contractions

V=(Vai,...,Van) on H_ (D) such that V; and V,, are doubly commuting and
(I®Te)eS; = Vi,(I@Te)lg, (1<i<n)
where Il : Tan Qg — H%sm,c(D|G|) is the canonical dilation map of Sy,(G). Now using the
identity S7(Q¢ = QcT; and setting
Mg = TeQq,
we have that
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where (I ® D)l : H — H_(DI9) is a contraction with

|1 & T)Teh|* = Jim IZG(—l)'F'l!(Sln);chh\\z
C

= lim > (=D Qa(T1,) ],

k—o0
FcaG

for all h € H. _

Case II: Suppose 1 ¢ G. In such a case, S; is a co-isometry for all j € G U {n} and
therefore, by Lemma 3.5, there exist a Hilbert space H¢ and commuting n-tuple of isometries
V'=(Vga,...,Van) on HE (D) such that V', and V’,, are doubly commuting and

ISy = V5 Ilg (1 <i<n)
where I : TanQg — H3_ (DI} is the canonical dilation map of S1n(G). Again using the
identity S7(Qc = QcT; and setting

Mg = TeQe,
we get
(3.11) MeTy = Vg g, (1<i<n)
and for all h € H,
Mgh]* = lim Z DFQa(Trn) i h]

Now we combine all the intertwining maps, obtained in the above two cases, together to
obtain a co-extension. Define Il : H — @ H},,(DI°) by

H(h)(G>:{ (I®Te)llgh  1€G

Ich otherwise ’ (heH,GC{l,....,n—1})
where I1(h)(G) denotes the G-th coordinate of II(h). Then by (3.10) and (3.11), it follows

that
N7y = (P v,
a
for all j = 1,...,n. Note that if II is an isometry then the above identity gives a co-extension
of T'. To show II is an isometry, for any h € H, we compute
|TIA||* = Z ITIgh||* (as Tg’s are isometry)
Gc{l,...n—1}
= > Jim Z D Qa(Tn) i n]?
Gc{1,..., nfl}

> Z<—1>'F',gggo ITE (Tl

Gc{l,..,n—1} FCG

_ . xk 71112 _ N\IF]
St TR Y (D

Ac{1,...,n—1} FCA
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For each subset A # () one can see that > . ,(—1)¥1 = 0. So ||IIA||> = ||| for all h € H
and hence II is an isometry. The moreover part is now clear from the construction of Vg ;’s.
This completes the proof. O

We make several important remarks about the above proposition and these observations
will be used to prove the main theorem below.

Remarks 3.8. (i) The main drawback of the above proposition is that the co-extension V
of T is not a commuting tuple of contractions (see Remark 3.4 ). As noted earlier, the only
problem is that V, and V,, do not commute each other. However, there are several things which
are nice and help us to work further to find isometric dilation of T'. For example, V; is an
wsometry for all j =2,...,n—1 and if we set

M. leG
— 2 |G| _ 21
Vo @VG,O € B(@HHG(D )), where Vo { VorVin otherwise
then Vg is an isometry, (Vo, Vi, ..., V,a_1) is an n-tuple of commuting contractions with

NT7T: = ViTl and ITF = VAT (1< j <n—1),
and, in view of (3.9),
(3.12) ViV =V, and V*Vy = V.

Another crucial fact is that (Vi,...,V,—1) and (Vo, Va,...,V,_1) are doubly commuting. In
other words, the doubly commuting tuple (Va,...,V,_1) doubly commute with both Vy and
Vi. Needless to say that a similar statement also can be made about the commuting tuple of
contractions (Vo, Vo, ..., Vy,).

(i) If Q :==ran II, then Q is a joint (V' Vi, .., V.¥)-invariant subspace of @, H, (D),
(PoVilg, ..., PoVilo) is an n-tuple of commuting contractions and

(Ty,...,T,) = (PoVilg, ..., PoVylo)-

Moreover,

(PoVilo)(PaVila) = (PaVilo)(PaVile) = PoVolo.

We now find isometric dilations of operator tuples in B}, (%), which is the main theorem
of this article.

Theorem 3.9. Let T' = (Ty,...,T,) € B}, (H). Then T has an isometric dilation W =
(Wi, ..., W,) such that Wi and W, are x-reqular isometric dilations ofﬂ and T),, respectively.

Proof. Let 11, (Vg,1,...,Vaa) on HZ (D) and V = (V4,...,V,) be as in Proposition 3.7.
Then V = (V4,...,V,) is a co-extension of T', that is

N7 =V (1<) <n)
where V; = @, Ve, forall j =1,...,n. We set

M led
L 2 |G| . 21
Vo = @ Vi € B( QG} H3,_ (D), where Vg = { Vo Ve otherwise -
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As we have noted in Remark 3.8, (V5, Vi ..., V,,_1) is a commuting tuple with V;’s are isometry
except V; and the doubly commuting tuple (V5, ..., V,_1) doubly commute with both V{ and
V1. Since Vj is an isometry, then the pair (4, V1) has a regular unitary dilation (Wy, W;) on
K. Then by Lemma 2.1, we extends V; to an isometry W, on K, for all j = 2,...,n — 1,
such that the tuple (W, Wi, ..., W,_1) on K is an isometric dilation of (Vy, Vi,...,V,_1) on
B 43, (D). Set

W, = W W,.
Then clearly (Wh,...,W,,) is a commuting tuple of isometries. We claim that (W7y,..., W,,)
is an isometric dilation of (PgVi|g, ..., PoValg), where Q@ = ranIl. To prove the claim, let

k= (ki,...,k,) € Z and let us denote X := @ H, . (DI°l). We divide the proof of the
claim in the following two cases.
Case I: If k, > kq, then

PyWit - Wl |y = PyWinwy i) gyt
= (P W T W ) (WE2 - W ) WX C X j=2,..,n— 1]

= YRy y e ke o Wi a regular dilation of (Vg, V4)]

= (Vo) BBV v
= ViRV VR oy (312)
and therefore using the fact that @ C X is a joint (V{, V}", ..., V.*)-invariant subspace
PoW{* - Wyirlg = PV ViRV - Vi g
= (PoVulo) ™) (PaVol o)™ (PaValo)™ - - (PoVa-1]o) ™
= (PoVil@)™ -+ - (PaValo)™.

Here for the last equality we have used that PoVylo = (PoVilo)(PoValo)-
Case II: If k; > k,, then

PyWP - Wiy = P W= ylknsn |y
= VgV v
and therefore,
PoWi* - Wyirlg = PV Vi V" g
= (PoVilo)™ -+ (PoVulo)™
This proves the claim. On the other hand, we have already observed in Remark 3.8 that
(Ty,...,T,) = (PoVilg, ..., PoVylo)-

Hence (Wy,...,W,) is an isometric dilation of (71,...,7},). Since the tuple (W5, ..., W,_1)
is a co-extension of (Va,...,V,_1) and (V5,...,V,_1) is a co-extension of (T5,...,T,_1),
(Wa, ..., W,_1) is a co-extension of (T5,...,T,_1). Finally since W; and W,, are tuples of
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doubly commuting isometries, it follows that Wi and W, are x-regular isometric dilation of
T, and T, respectively. This completes the proof.
OJ

Few remarks are in order.

Remarks 3.10. (i) The converse of the above theorem is true. That is, if T € T"(H) has an
isometric dilation W € T™(K) so that Wy and W, are x-reqular isometric dilation of Tt and
Ty respectively, then T € BT, (H). This immediately follows from the fact that an operator
tuple satisfies Brehmer positivity if and only if it has a x-reqular isometric dilation.

(ii) If T € By (M) then interchanging T, with T\ and T, with T,, we can assume T €

tn(H). So, Theorem 3.9 provides dilations for tuples in By (H).

(iii) If T € BY,,(H) such that T, is pure then T is also a member of the class 1 (H)
(see (1.1)) considered in [4]. Note that in this case Tv, is also a pure tuple. Then the positive
operator Qq, defined in the proof of Proposition 3.7, is 0 for all G € {1,...,n — 1} and
Qc = Iy for G ={1,...,n—1}. This implies llg =0 for all G C {1,...,n— 1} and Il is
an isometry for G = {1,...,n—1}. Then it follows from Lemma 3.3 and Proposition 3.7 that
the commuting tuple of isometries (Mg, M.,, ..., M., My) on Hg (D""') is a co-extension
of T. Thus we recover the isometric dilations obtained in [4] for such tuples.

We end the section with the von Neumann inequality for %;}7(](7{). Recall that, if an n-tuple
of commuting contraction has an isometric dilation then it satisfies von Neumann inequality.
So we have the following theorem as an immediate consequence of Theorem 3.9.

Theorem 3.11. Let T € B} (H) with 1 <r < q <n. Then,
Ip(T) | 520) < sup Ip(2)]

for allp € Clzy, ..., 2]
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